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Abstract 



Toward the Kerr/CFT correspondence for generic non-extremal Kerr black 
hole, the analysis of scattering amplitudes by near extremal Kerr provides a clue. 
This pursuit reveals a hidden conformal symmetry in the law frequency wave equa- 
tion for a scalar field in a certain spacetime region referred to as the near region. 
For extremal case, the near region is expected to be the near horizon region in 
which the correspondence via the asymptotic symmetry is studied. We investi- 
~f*. ' gate the hidden conformal symmetry in the near horizon limit and consider the 

\& ■ relation between the hidden conformal symmetry and the asymptotic symmetry 

in the near horizon limit. By using an appropriate definition of the quasi-local 
charge, we obtain the deviation of the entropy from the extremality. 
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1 Introduction 

Recently, the correspondence between the Kerr black hole and conformal field theories 
was conjectured. The correspondence was studied in two different ways. The original 
correspondence was proposed in the near horizon geometry of extremal Kerr [1] whose 
isometry was SL(2, R) x U(l) [2]. In [I] they considered the enhancement of the U(l) 
isometry to the Virasoro algebra by using the asymptotic symmetry [5] . This analysis is 
generalized to many other cases [I] . After these works, an another Virasoro algebra was 
obtained by extending the SL(2,M.) part of the isometry [3 [6]. The former Virasoro 
algebra is referred to as that of the left movers while the latter as that of the right 
movers. 

More recently, one observation toward generic Kerr/CFT correspondence was given 
in [7] after the works in which certain correlators in the dual CFT were obtained from 
the scattering amplitudes in the near extremal Kerr [5]. In the analysis for the scalar 
amplitude in [TJ, an essential departure from the original Kerr/CFT correspondence is 
that it is not necessary to take the near horizon geometry. As in the case of AdS, the 
scalar wave equation can be solved by using the matching method at sufficiently low 
frequencies. In the analysis, first of all, the geometry is divided into two regions called as 
the near and the far region. These two regions have a overlap and the matching surface 
can be put at an arbitrary position in the overlap region. This arbitrariness implies the 
presence of the symmetry. In fact, the wave equation has the SL(2, M)rX SL(2, M)l sym- 
metry under a suitable approximation. This symmetry is called as the hidden conformal 
symmetry. This implies that the scalar excitations in the Kerr geometry correspond to 
CFT. Applications of this analysis are studied in [9]. 

In this paper, we investigate relations between these two analysis. It can be expected 
that for the extremal case the near region reduces to the near horizon region and the 
conformal symmetry of the wave equation is connected to the symmetry of the geometry. 
We consider the equation of motion for scalar in the near horizon limit. We observe 
the relation between the SL(2,M)r x SL(2,M)l vectors and the asymptotic Killing 
vectors in the near horizon geometry. We extend the hidden conformal symmetry to 
the Virasoro algebra assuming that the extended vectors have the same form to those 
in AdS3. We can consider the central charge by using the covariant definition of the 
asymptotic charge. However the result contains an extra term which should not appear. 
We can also access to the central charge by using appropriate definitions of the quasi- 
local charge. We could grub the origin of this peculiar term in the asymptotic charge and 
exclude it through a suitable definition. For the entropy, by using an another definition 



of the quasi- local charge which was given in our previous work [5], we observe that the 
Cardy formula reproduces the deviation of the entropy from the extremality. 

This paper is organized as follows: In section [21 after providing the basic properties of 
the Kerr black hole, we briefly review on the hidden conformal symmetry. In Section [3], 
we consider the near extremal case and introduce the near horizon limit. The extension 
of the vectors to the Virasoro generators is given with comparing the asymptotic Killing 
vector in Section HJ We then estimate the central charge by using the asymptotic charge 
and also certain definitions of the quasi-local charge in Section EJ In Section El making 
use of the another definition of the quasi-local charge, we show the correspondence of the 
entropy through the Cardy formula. Section [7] is devoted to discussions. One appendix 
is prepared. 

2 Kerr black hole and hidden conformal symmetry 

We start by introducing the Kerr metric in Boyer-Lindquist coordinates: 

ds 2 = -dt 2 + - 2M J — (dt-a sin 2 Od<f>) 2 + (r 2 + a 2 ) sin 2 9&<j> 2 
r l + a cos 9 

r 2 + a 2 cos 2 e 2 , 2 2 2 . 2 ^ 
r 2 -2Mr + a 2 V ; K J 

The parameters M and a are related to the ADM mass and the angular momentum as 

M T aM . . 

M ADM = ^-, J = -=-. (2.2) 

The position of the horizon and the Hawking temperature are given by 

r . - M 



r ± = M±VMi-a\ T H = + . (2.3) 

AnMr + 

The Bekenstein-Hawking entropy is 

Area 2irMr + 

^BH = — — = — ; ^ • {2 A) 

Let us now consider the Klein-Gordon equation for a massless scalar: 

d»(V=gg' a 'd v $(t,r,<i>,6))=0. (2.5) 

By factorizing the scalar field as 

$(i, r , 0, 0) = e- iaJt+m ^i?(r),S(#), (2.6) 



this equation of motion can be separated into the following two differential equations 
with a separation constant K: 



d r Ad r + 



(2Mr + u - am) 2 (2Mr_u - am)' 



(r — r + )(r + — r_) (r — rJ)(r + — r_) 



+ (r 2 + 2M(r + 2M)ju 2 R(r) = KR{r) 



and 



1 „ , „„ s m 2 



- — -(^(sinflde) t-jt: + w a cos 



5(0) = -KS(9), 



(2.7a) 



(2.7b) 



sin^"' sin 2 6> 

where A = (r — r + )(r — r_). One can consider the scalar excitation which has a large 
wavelength compared to the radius of curvature 



wM« 1, 



and study its behavior in the near region, which is defined by 



r < -. 



(2.8) 



(2.9) 



Then, (I2.7a|) and (1 2 . Tb |) can be approximated as 



d r Ad r + 



(2Mr + oo — am) 2 (2Mr_u — am)'' 



and 



(r — r + ){r + — r_) (r — r_)(r + — r_) 
1 



fl(r) = Xi2(r) 



-do (sin 6*9,9 



m 



5(0) = -KS(6), 



sinS sin c/_ 

respectively. From (|2.10b|) . one could obtain the separation constant 



K = 1(1 + 1). 



(2.10a) 



(2.10b) 



(2.11) 



The equation (I2.10ap is solved by hypergeometric functions, which are representa- 
tions of SX(2,R). To see this, it might be convenient to introduce the "conformal" 
coordinates (w + ,w~,y) which is defined by 



w 



w 



T _ T _± e 2-itT R <f> 



T _ T _± e 27rT L «; 






r _ r _ 






(2.12) 



jr(T R +T L ) 



where 

Then one can define SX(2,IR)^ x SL(2, M.)l vector fields 

#1 = i9 + , 

H = i(w + d + + ^yd y y (2.14) 

#-i = z((w + ) 2 <9+ + w + yd y - y 2 d^, 
and 



H = i(w-d- + -yd v ), (2.15) 



1 

2 

#-i = *((wr) 2 <9„ + uTj/0,, - y 2 d + y 

In terms of the original coordinates (£, r, 0), these vectors are expressed as 

# „ = z( _L-9a + 2M^^J , (2.16) 

^r * ( /r, 1 r-M fl 2T L Mr - a 2 

and 

V a/A a/A / 

# = -2iMd t , (2.17) 

£_ x = ie 27 ^"^ (-VAd r - -^=d& - 2M^=dA • 

V \/A \/A 7 

The quadratic Casimir 

if 2 = -# 2 + ^(.ffiff-i + #_i#i), # 2 = -i^o 2 + \{HiH_ x + ^.^O, (2.18) 

provide the equation fl2.10aj) as 

H 2 $ = H 2 <& = K$. (2.19) 

Therefore, the solution of the scalar field in the Kerr geometry in the near region forms 
representations of SL(2,WL). 



3 Hidden conformal symmetry in the near horizon 
limit 

We consider the near horizon geometry of the Kerr metric which is obtained by defining 
new coordinates 

t = 2e~ l ai, r = a (1 + ef) , = + (3.1) 

and taking the limit of e — > 0. 

For the extremal case a = M, the near horizon geometry becomes 

df 2 / - \ 2 

ds 2 = -W)r 2 dt 2 + W)— + U(6) (d<f> + fdtj + f e (9)d9 2 , (3.2) 

with 

4/7 2 ein 2 

MB) = f e (9) = a 2 (1 + cos 2 B) , f^B) = S (3.3) 

The near horizon geometry has SL(2, M.)r x ?7(1)l isometries generated by the following 
four Killing vectors: 

£_i = d h £o = tdi - fd f , Ci = (? + ^j d { - 2trd, - ^, (3.4a) 

U = fy ( 3 - 4b ) 

where £_i, £o an d £i form the S'L(2,R)_r, while £0 represents the £/(1)l rotational 
symmetry. 

If non-extremality is infinitesimally small, we could take the near horizon limit con- 
sidering the following parameterization 

M = a(l + e 2 |), (3.5) 

where the parameter tq measures the deviation from the extremality. As a result, the 
near horizon geometry becomes 


where /o(#), f</>(0) and fo(9) are the same as in f)3.3p . The temperature is then given by 



dv / \ 2 

ds 2 = -MB) {r 2 ~ rl) dt 2 + f {6)- - 2 + U(B) (d0 + rdt) + MB)dB 2 , (3.6) 

T Tr, \ / 



T H = £. (3.7) 



It is known that this near extremal geometry is related to the extremal case via coordi- 
nate transformations, and hence this geometry inherits the SL(2, M.)r x U(1)l isometry. 
The Killing vectors of the SL(2,M.)r part is given by 



£-1 = ie 



-rot 



r 2 — r^df — 



r odi 



+ 



fd { 



■\/f 2 — Tq ro\/r 2 — Tq / 



£o = —fy, 
r 



(3.8) 



^ = ie rot -\ f 2 -r 2 df- 



r o d t 



+ 



fd: 



'r 2 — r\ TQ^f 2 — Tq 



Let us consider the hidden conformal symmetry which appeared in the equation of 
motion for the scalar field. In this limit, the Laplacian now becomes 



d f (f 2 -r 2 )d f - 



(di ~ rod^Y fa + r d $ ) 



2r (f - r ) 2r (f + r 



sin 2 fl 



sin 2 # 



sin 9 



-d e sm9d e . 

(3.9) 

The equation of motion can be separated into the radial part and the angular part with 
a separation constant K: 



d f (r 2 -r 2 )dr + 



(u + TQin) 2 (u — rom)' 



2r (f-r ) 2r (f + r ) 



and 



-do sin 9 da — m 2 



1 



-2 



sin 2 # 



sm9~' Vsin 2 ^ 

where we have factorized the scalar field $(£, f, 0, 9) as 

$(£, f, 0, 9) = e- iui+im$ R(r)S(9). 



R(r) = KR(r) 



S(9) = -KS(9), 



(3.10a) 



(3.10b) 



(3.11; 



The "conformal" coordinates are well-defined even in the near horizon limit, and we can 
use it straightforwardly: 



w 



w 



r — r i 






r — r i 






r _ r _ 






2ttT r 



^ttT l c, 



r - r p roi 

r + r 



r — To 
r + r 



(3.12) 



^(Th+Tc),/.-^ 



2r ° e 4(roM) 



r + r 



In this limit, the SL(2,M.)r x SL(2,~R) l vectors can be expressed as 
H 1 = te ° \ r 2 - r 2 d? v + 



\Jr 2 — Tq t , oV' 2_t 'o 
#o = —dt, (3.13a) 



H-! = te rot ( - A /f 2 - r 2 <9, - 7= + - 



y/f 2 — Tq r y/r 2 — Vq 



and 



52 _ ,2a j ± U J_ 



Hi = ze" \ \/f 2 - r 2 d? -f 

#o = «fy, (3.13b) 



y/f 2 — Tq \Jf 2 — Vq 



H_ x = ie <t> -Jr 2 -r 2 dr 



fdi dt 



Q w r 



a/? 52 — Tq yr 2 — Tq 



One can see the right movers have the same form of (13.81) . The quadratic Casimir (I2.18P 
gives the equation of motion f)3.10ap as 

H 2 <$> = H 2 $ = K<&. (3.14) 

Generally K possibly depends on the angular momentum along 0-direction. In the near 
horizon limit, the conditions for the hidden conformal symmetry can be interpreted as 
follows. The original conditions of u <C \jM and wCl/r can be roughly understood 
as small u condition. In order to take u to be small in the original geometry, the angular 
momentum m should be small in the near horizon geometry. For m <C I, the potential 
term in (13.10bj) can be approximated as 



sin 2 #\ m 2 



\ sin V 4 J sin v 

Then, ( I3.10b|) reduces to that for 2-sphere, and K becomes 

K^ 1(1 + 1) (3.16) 

in this limit. 

We can consider the hidden conformal symmetry for the near horizon extremal Kerr 
geometry by taking the r — > limit. In this limit, the "conformal" coordinates can be 



expressed as 



w 



w 



e r , 



e 2S 



after an appropriate rescaling. Then, SL(2,R) R x SL(2,R) L vectors become 

Hi = id + = idf, 

H = i(w + d + + ^ydy) = i (id t - rd?) , 



H-i = i[{w + ) 2 d + + w + yd y — y 2 d- 



f + -)d i -2trdr--d a 



and 



E x = i0_ =ie- (p [fdr + d $ -^d n 



H = i(w <9_ + -yd % 



id i, 



H _i = % I (w ) <9_ + w yd y — y d + 



ic 



-fdf + di--d } 



The right movers reproduce (]3.4a[) . The quadratic Casimir 

H 2 = H 2 = d?r 2 d> - {9i ~ !^ )2 + d\ 



(3.17) 



(3.18a) 



(3.18b) 



(3.19) 



gives the equation of motion for R(f) as in the near extremal case. 

Before closing the section, we consider how the hidden symmetry can be understood 
in terms of the geometry. The eigenvalue of (13. 10b|) contains a contribution from the 
angular momentum m. Even in the case of m <C I, K has contributions from m. 
However, if we consider the point 8q which satisfies the following condition for the 
potential terms in (13.10b|) . 



sin 2 9n 



sin 2 fl c 
4 



0. 



(3.20) 



m does not contribute to the equation and the ^-direction completely decouples from 
the ^-direction. Near the point 6> , the geometry can be approximated as 

df 2 



ds 2 = f (9 ) 



(f 2 - r£)dt 2 + 



(d(/> + fdty + de 2 



(3.21) 



Using the "conformal" coordinates this can be rewritten as 

ds 2 = 4/ ( 



ioyv ) 



dw + dw d?/ 2 d6 2 

h — H 



(3.22) 



The hidden conformal symmetry becomes an exact symmetry on the slice 9 = O . 

In the following sections, we work with the near horizon coordinates (13.1 7ft and omit 
the hat " " " on the coordinates. 



4 Virasoro algebra 

We have seen that the Laplacian can be expressed by the quadratic Casimir of the 
SX(2,R) vectors. Here, we assume that these SL(2,M.) vectors can be extended to the 
Virasoro generators and have the same forms to those in AdS3. By using the "conformal" 
coordinates, the Virasoro generators might be 



(w+r+ i d + + ^(w+rydy - ^±^ 



i n = i\ (w-) n+l d_ + 



2 

71+1 



w ) n yd y 



n{n + 1) 



w 



w 



\n-l„,2 



y^ 



\n-l„,2 



y% 



2 V , * y 2 

These vectors can be expressed by using arbitrary functions f + (w + ) and f-(w~) as 

!„,,,.„ 1 



(4.1a) 
(4.1b) 



i = U(™ + )d + + ^f' + {w + )yd y - -f'l(w + )y 2 d„, 
t = f-(w-)d. + \}'.{w-)yd y - l -fl(w-)y 2 d+. 



(4.2a) 
(4.2b) 



The vectors (j4.ip are given as the Taylor expansion of these vectors. By using the near 
horizon coordinates, the vectors (14.21) are written as 



£ 



uit-b+zM 



i 









m 



/• 



0, 



rf + {t--) + fl{t--) 



rm 



Q r -\fiit --\)fy 



- + 0(r- 3 ))d t + ( - rf R (t) 

f 0(r~ 2 )), 



2r 2 



i = h(m - rfMdr - -rum, 



2r 



0(r- 2 ))d, 



(4.3a) 
(4.3b) 



where fait) := f+(t) and /z,(0) := e ^f_(e^). The vectors for right movers are equiv- 
alent to the asymptotic Killing vectors in [5] at least up to the given orders in (I4.3al) . 



10 



However, the vectors for left movers have an additional term in ^-direction at Oir x ). 
This term was excluded in the original asymptotic Killing vector which was derived in 

IB- 

In the following sections, we use the vector fields (I4.3J) . For the precise calculations, 
we define the right and left movers £ n and £ n through the expressions (14.31) with fn(t) = 
it n+1 and f L {<j>) = e in f The subsets (£-i,£o,£i) and (£-i,£o,6) form SL(2,R) R and 
SL(2,M)l, respectively, but (13. 18[) are given by (£-i,£o ; £i) an d (i£-i,i£o,i£i)- 

5 Central charge from the asymptotic charge 

In order to calculate the central charge, we first consider the asymptotic charge which 
is given by the covariant formulation [101 [TTj. The asymptotic charge is defined as the 
deviation of the charge from the background g yw . For infinitesimal perturbations h^, 
that is given by 

<#M = 8^-/ **M1, (5-1) 

where the integration is taken over the boundary of a time slice. The two-form k^ is 
defined by 

k([h, g] = ^-e^ pa k^[h, g] dx p A dx CT , (5.2) 

with 

k^[h, g] = - \^D u h - ^ l D x h Xu + (D"h vX ) ix + -hD^C 

- W x D x e + \h» x (£>"£ A + D X C) -(»<* ")] , (5-3) 

where D^ is a covariant derivative on the background geometry, and we denote g = 
detg^ and h = g^ u h^ v . The central charge can be calculated by varying the charge 

kQt = a^T- [ *[£&g] + jr^- f kt[£<h,g], (5.4) 

where £^ stands for the Lie derivative along the vector field (. The second term which 
is proportional to the perturbation h gives the usual transformation. The first term is 
an additional constant term, which provides the central charge of the algebra. 

Let us estimate the central charge for the vectors (14.31) . For the right movers, this 
term vanishes: 

^4-/ k &i [£ u grg} = 0. (5.5) 

871-Ctat Jgv 
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This implies c# = for the right movers of Virasoro algebra. For the left movers, we 

obtain 

If a 2 

^-7^ k^[£^g,g} = -2t-—S n+mfi (n + n 3 -An 5 ). (5.6) 

The term 0{n) could be absorbed by taking an appropriate definition of Qq, while 
the term 0(n 3 ) contributes to the central charge. In addition to these, we here get an 
unusual term in 0(n 5 ) whose coefficient A is an infinitely large constant. Neglecting 
this term, one may read off the central charge cl = ^- = 24J. However this is twice 
of the original study pQ. In order to understand the origin of the extra term of 0(n 5 ), 
we shall consider the quasi-local charge a la asymptotic charge. 

The quasi-local charge is defined by using the energy-momentum tensor [T2| (see also 
[T3] ) , which is defined in the same form to the GKPW relation [T^l [T5] : 

where 7 M „ is the metric on the boundary. The gravitational action S grSiV is the Einstein- 
Hilbert action with the Gibbons-Hawking term, 



5-grav = — -7T- / d 4 x^R + — — / d d xV=jK, (5.8) 

where K = Kj^ and K^ is the extrinsic curvature. Let us consider following decompo- 
sition of the metric: 

ds 2 = N 2 dr 2 + 7^(dx^ + W l dr)(dx u + N u dr). (5.9) 

We focus on the variation of the action with respect to the induced metric 7^. Since 
we only consider an on-shell action, the variation of the action is reduced to boundary 
terms, 



5S = / d d x 7T^(h>, (5.10) 

JdM 

where ir^ v is the conjugate momentum of 7^. Then the energy-momentum tensor on 
the boundary is expressed as 

T» v = -L= tt"" = — ^- (K^ - ^ V K) . (5.11) 

V — 7 87tGat 

We next consider the ADM decomposition of the boundary metric 7^, 

ds 2 M = -N^dt 2 + a ab (dx a + N^dt)(dx b + N b ds dt) : (5.12) 



12 



where £ is a time slice and <9£ is that on the boundary. Then the quasi-local charge on 
the boundary can be defined by 

Qf L = [ d 2 xV^^T^, (5-13) 

where u^ is a future pointing timelike unit normal to <9E. In order to define the charge, 
we need to fix the reference, and take the difference of the charge form the reference. 
We choose it in the following way, such that the quasi-local charge reproduces the 
asymptotic charge. We take the background geometry as the reference geometry, since 
the asymptotic charge is defined as its deviation from the background. Here, we define 
the charge by taking the difference of the charge itself. 

The central charge can be calculated from the variation of the charge: 

$(Qf L lg + h] = Qf L [g + £ c g] - Qf L [g] + (terms which depends on h). (5.14) 

Then, we can read off the central charge from the first two terms in the r.h.s.. Using 
this definition, we obtain 



^QLr- | n -l ^.QL 



Qtlg + £ ug]-Qtm = Qi (s.15) 



for the right movers and 



Qf\g + £- u g] - Qf[g\ - -2i-^6 n+mfi (n + n 3 - An 5 ), (5.16) 



for the left movers. As we promised, these results reproduce those of the asymptotic 
charge ( 15. 5 p and (15. 6p . We can see the origin of this divergent term by looking at the 
definition of the quasi-local charge. The definition of the quasi-local charge is almost 
equivalent to the charge defined by using the GKPW relation. The quasi-local energy- 
momentum tensor T^ v is equivalent to the expectation value of the energy-momentum 
tensor (T^)cft in the GKPW relation. However, the Killing vector £ is different between 
the quasi-local charge and the charge in the GKPW relation. In the above calculation, 
we simply used the vectors ( 14. 3p . However, the Killing vectors are £ = f(z)d and 
£ = f(z)d for ordinary CFT case, and hence we should use these vectors for the GKPW 
relation. Now, the origin of the order 0(n 5 ) term is clear. The anomaly gives 0(n 3 ) 
term to transform of the energy-momentum tensor, and the extra term in £, f'l((j))/r 2 dt 
is of order n 2 . Then, we get the 0(n 5 ) term in the central charge. 

In order to obtain the appropriate algebraic relation without the unexpected terms, 
we should use only the leading term of the vectors (14. 3p . i.e. vectors on the boundary, 

13 



^Bn — t n+1 d t for the right movers and £3™ = e 9$ for the left movers. By using these 
definitions, we obtain 

QtS9 + £ U9]-QtM=^ ( 5 - 17 ) 

for the right movers and 



2 



Q| L [g + £ lm g] - Q^ [g] = -2i-^6 n+m>0 (n + n 3 ), (5.18) 

for the left movers. These results ensure appropriate algebraic relations, and the central 
charges would be cr = and cl = 24J. 

It should be noted that the original asymptotic Killing vector for left movers 

£ (o) =/(0)^-rf(0)«9 r (5.19) 

gives cl = 12 J even if we use the definition of the quasi-local charge: 

Q% [g + £^)~g\ - Q% M = -*^<W,o (n + n 3 ) . (5.20) 

6 Relation to the entropy 

In the previous section, we calculated the central charge. However, the result is different 
from that in [I], and hence it does not reproduce the Bekenstein-Hawking entropy. In 
this section, we consider a different relation of Kerr/CFT correspondence following our 
previous work [5]. 

As we saw in the previous section, in order to define the quasi-local charges, there 
is an ambiguity how to take the reference and the deviation from it. We here use the 
following definition of the quasi- local charge [5]: 

Qf = [ d^vWV^B, (6.1) 

where we define the quasi-local energy-momentum tensor by its deviation from the 

background, 

T ^[h) = T^ -T^ , (6.2) 

9=g+h g=g 

and we use the leading term of the vectors (14. 3p i.e. £# and £b to close the algebra. The 

central charge can be derived from the anomaly of the energy-momentum tensor. In 

(I5.14p . 5Q^ contains not only the anomaly of the energy- momentum tensor but metric 

gives additional anomalous terms. By using ( 16. ip instead, we can pick up the anomaly 

of the energy-momentum tensor, 

STi" = r^[£^g}. (6.3) 

14 



Then, we can read off the central charge from 

^ n Qt = I d 2 x^u^[£^ n g}^ m . (6.4) 

JdT, 



'9S 

Let us discuss the entropy through the Cardy formula, 



S R = 2,f-Sh, S L = 2,f-i^. (6.5) 

For the right movers, the vectors (I4.3a|) are equivalent to the asymptotic Killing vectors 
in [5]. The central charge and L are calculated as 

12ea 2 ea 2 r 2 

C R = ~^—, L o = -^r-, (6-6) 

and the entropy is estimated as: 

2vrea 2 r 
Sfl = —^ , (6-7) 

G-7V 

where we introduce a regularization by putting the boundary <9£ at r = e _1 . For the 
left movers, evaluating (16. 4|) . 

(• 2 2 2 

/ d 2 x^u^[£^g]^ m = -iS n+mfi (n + n 3 )^^, (6.8) 

we can read off the central charge: 

cl = — ^— *. (6-9) 

For the left movers, L corresponds to the angular momentum J, but its deviation form 

the extremality: 

e 2 a 2 rl 

L » = -2G7' (6 ' 10) 

Then, using the Cardy formula (16. 5p . we obtain 

S L =^i. (6.11) 

Expanding the Bekenstein-Hawking entropy (j2.4p as 

5 B H = ^fl + er + e 2 r 2 + ■••), (6.12) 

we can observe that the right movers reproduce the second term and the left movers 
reproduce the third term. In the case of the asymptotic Killing vector, the Cardy 
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formula reproduces the entropy at the extremality (see Appendix A). In the present 
case, however, due to the additional term of 0(1/ r) in the vectors (14.3b|) . the formula 



does not give the entropy at the extremality, but reproduce only its deviation from the 
extremality 

This is similar to the case of the AdS/CFT correspondence. In the AdS5/CFT 4 
correspondence of the D3-brane, for example, we can see the correspondence between 
the energy density in the CFT and the mass in the AdS space. Although the mass in 
the AdS is the ADM mass of the black 3-brane, we have to take the deviation from the 
extremality to make a connection to the energy in CFT. The mass at the extremality 
is never reproduced by the CFT since this is the tension of the D-brane itself and the 
CFT is only the fluctuations on the D-brane. 

If we consider the near horizon geometry of extremal Kerr (NHEK) as an analogy of 
the extremal BTZ black hole, the entropy at the extremality should be reproduced by 
the corresponding CFT. However, it is rather natural to treat the NHEK geometry as 
a correspondent of the pure AdS space. Then, it is not strange that physical quantity 
in Kerr black hole at the extremality cannot be reproduced by the corresponding CFT. 
The CFT might come from the fluctuations on the Kerr black hole (or its horizon) and 
reproduce only the deviation of the physical quantity from the extremality. 

7 Discussions 

In this paper, we have studied the hidden conformal symmetry in the near horizon 
limit. For the near extremal case, we can take the well-defined near horizon limit 
for the "conformal" coordinates and SL(2, M)r x SL(2, M.)l vectors. We do not need to 
introduce any rescaling for the vectors to take the limit. By using a simple generalization 
to the Virasoro algebra, we obtained two sets of vectors. These vectors agree with 
the asymptotic Killing vectors obtained in [1] and [5] at the leading order. For the 
right movers, the vectors agree with the asymptotic Killing vectors even at the higher 
order. However, the vectors for left movers receive a correction in the t-component 
at 0(l/r). We calculated the central charge by using the asymptotic charge and the 
quasi-local charge with suitable definition. This did not lead to the expected values of 
cl = cr = 12J. By using the asymptotic charge, the central charges became cr = and 
cl = 24J, and using the quasi-local charge, we obtain cr = cl = at the extremality, 
and cr = 12ea 2 /Gn and cl = 12e 2 a}r\/G^ as near-extremal corrections. 

This result requires further discussions. The first point to be considered is the 
extension to the Virasoro algebra. The "conformal" coordinates give the Laplacian on 
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AdS3 in Poincare coordinates. Hence we simply used the asymptotic Killing vectors in 
AdS3 as the enhanced vectors in the "conformal" coordinates. One may introduce a 
different extension of the SL(2,M) Killing vectors to the Virasoro algebra. However, it 
should be noted that the disagreement for the left central charge comes from the 0(l/r) 
correction in the t-component of the vectors for the Virasoro algebra. This correction 
appears even in the SL(2,M)l vectors, for which we introduce no extensions. This 
correction is excluded in the original definition of the asymptotic Killing vectors [I]. In 
other words, the original asymptotic Killing vectors do not have t-component, and such 
vectors never reproduce the Laplacian. 

Next, we should discuss the definition of the charge. By using the covariant definition 
of the asymptotic charge, we obtained the central extension with an unexpected term 
of 0(n 5 ). In fact, the vectors of the hidden conformal symmetry are not the Killing 
vectors of the asymptotic symmetry, and hence the asymptotic charge is possibly not 
appropriate to define the charge of these vectors. In order to obtain well-defined central 
extension, we need to use the quasi-local charge. However, there is an ambiguity how 
to take the difference from the charge in the reference geometrytj We considered two 
definitions. One is taken such that the result reproduce that of the asymptotic charge. 
As an another definition, we took the difference of the quasi-local energy-momentum 
tensor T^ v . By replacing the Killing vector £ on the boundary by £# which picks up 
only the leading term, the term of 0(n 5 ) does not appear. Then, the former definition 
does not reproduce the entropy, but the latter gives the non-extremal correction of the 
entropy. The result for the latter definition is similar to the AdS/CFT correspondence. 
For example, AdSs is near horizon geometry of the extremal black 3-brane. CFT does 
not reproduce the ADM mass of the extremal black 3-brane but gives only its deviation 
from the extremality. Hence, for the hidden conformal symmetry, we should treat NHEK 
as an analogy of AdS itself, not as an analogy of the extremal BTZ black hole. The 
counter term method [13], which is used in [6] can be an alternative definition of how 
to take the difference form the reference. However, ^-dependence of the metric makes 
it difficult to cancel divergent part in the energy momentum tensor. In [6], this can be 
done by integrating out <ft and 9 dependence, but this method cannot used to calculate 
the left central charge whose vectors depend on (j). 



1 For example, if we use the following definition: 



? QL = / d 2 



<9£ 



M s \g=g+h V v ^ \g=g 



the central charge becomes cl = 12J for (|4.3p but cl = 6J for (|5.19|) . We do not pursue this direction 
since it is a quite arbitrary definition. 
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We should comment on the right central charge. Our result cr = is consistent with 
the result of [5], but different from that in [6] and [7], i.e. cr = 12 J. This discrepancy 
comes from the definition of the central charge. In [6], the central charge is defined from 
the anomalous transformation of the energy-momentum: 

£t« ~ -^r(t) + . - - . 

On the other hand, we have defined the central charge as the central extension of the 
algebra: 

in C ours . 3 . 

Since the charge is defined by the integration of the energy- momentum tensor (15.131) . 
we can see the following schematic relation for these two central charges: 



< / d 2 xvW£*c C L = / v^T^ccl- 



For the near horizon geometry of the Kerr black hole, we have 

1 



\f^^ tt ~ u l ~ -. 
r 

Since we are considering the boundary at r — > 00, our central charge becomes zero even 
though that in [6] is finite. Of course, if we assume only the correspondence of the 
energy-momentum and take the flat metric for the boundary field theory, the definition 
of [B] is related to the generators on the boundary. However, this treatment leads to 
disagreement of the charges in gravity side and CFT side, or we need to take into account 
effects of the gauge transformation. 

Our central charges can be continuously connected to generic non-extremal cases. 
When we take the near horizon limit, we have not introduced any rescaling for the 
vectors. The charges are defined as the integration on the (<fr, 6')-plane with t fixed. This 
integration is not rescaled in the near horizon limit, and fixed t plane is equivalent to 
fixed t plane. It is different that the boundary of the near horizon geometry is located 
inside the near horizon region. By using the definition of the quasi-local charge, this can 
be interpreted as follows; we take into account only contributions inside the near horizon 
region but do not consider those far from the black hole. However, we can assume that 
there are only small contributions in the asymptotically flat region, and this can be 
neglected in the near extremal case. Then, the central charges for generic non-extremal 
cases are expected to be continuously connected to our result. If we could calculate the 
central charge without taking the near horizon limit, the result would agree with that 
in this paper for the near extremal. 
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In this paper, we have considered the hidden conformal symmetry in the near horizon 
limit. However it seems that there is no simple relation to the Virasoro algebras of the 
asymptotic symmetry. We could reproduce a part of the entropy by using the quasi-local 
charge, but the asymptotic charge does not give the entropy. This result implies that 
the hidden conformal symmetry should be treated in a different framework from the 
asymptotic symmetry. In this paper, we used the same vectors to the AdS3. It would 
be interesting to consider more explicit formulation to extend the hidden conformal 
symmetry to the Virasoro algebra. This is left for future studies. 
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Appendix A Central charge from the quasi-local 

charge 

In this appendix, we derive the central charge for the asymptotic Killing vectors by 
using the quasi-local charge defined in Section El and show the relation to the entropy. 
As explained in [T], although the original Cardy formula (16. 5p does not reproduce the 
entropy, we could use the following formula for the entropy 

TT 2 7T 2 

Sl = -irC L T L , S R = —c R T R . (A.l) 

For left movers, the asymptotic Killing vector is given by (J5.19P [1]. Introducing the 

regularization parameter e in the same manner in the main text, we can obtain 

r 2 

/ d 2 x^u^[£Ao)g]^m )u = -i$n+m,o-^- (n 3 + (n + n 3 )e 2 r*) . (A.2) 

Then, the central charge can be estimated as 

cx = ^(l + e 2 r 2 ). (A.3) 

For the left movers, the temperature is Frolov-Thorne temperature, 

Tl = i (A.4) 
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The central charge for right movers is calculated in [5] and the result is 

12 « 2e 
cr = -^—. (A.5) 

Or at 

For right movers, the temperature is the Hawking temperature, 



Then, using the "Cardy formula" (1A.1J) . we can obtain the entropy 

2yra 2 



S = S L + S R = -£L (i + er + e 2 r 2 ) . (A.7) 






This agrees with the Bekenstein-Hawking entropy Sbh up to 0(e 

Before closing, we should notice that the higher order corrections in the asymptotic 
Killing vector cannot be fixed in the framework of the asymptotic symmetry. At the 
leading and 0(e), the entropy comes from the leading contributions of the left and right 
movers, respectively. However, the 0(e 2 ) term is subleading. Hence, the higher order 
corrections of the asymptotic Killing vector can possibly break the agreement at 0(e 2 ). 
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